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Abstract 



in 

p4 



Forward-backward asymmetries A t FB and Ap B are observed in the top quark t rapidity distri- 
bution and in the rapidity distribution of charged leptons i from top quark decay at the Tevatron 



Q-I proton- antiproton collider, and a charge asymmetry Aq is seen in proton-proton collisions at the 
CD 

, ' Large Hadron Collider (LHC). In this paper, we update our previous studies of the Tevatron asym- 

£S| 1 metries using the most recent data. We provide expectations for Ac at the LHC based first on 

Q\ . model independent extrapolations from the Tevatron, and second based on new physics models 

Ov 

that can explain the Tevatron asymmetries. We examine the relationship of the two asymme- 
Q\ ■ tries A t FB and A FB . We show their connection through the (V — A) spin correlation between the 

o: 

CN ■ charged lepton and the top quark with different polarization states. We show that the ratio of the 

two asymmetries provides independent insight into new physics models that are invoked to fit the 



^ " top quark asymmetry. We emphasize the value of the measurement of both asymmetries, and we 

H ! 

conclude that a model which produces more right-handed than left-handed top quarks is favored 
by the present Tevatron data. 
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I. INTRODUCTION 



The observation of a larger than expected forward-backward asymmetry A FB in the ra- 
pidity of top quarks produced at the Fermilab Tevatron collider continues to hold 
considerable attention in the community of particle physicists. It is one of very few mani- 
festations of a deviation from predictions of the standard model (SM). That the deviation 
occurs in the top sector suggests that its interpretation might well involve new physics (NP), 
given that the large mass of the top quark is comparable in value to the electroweak scale. 
Indeed, many NP models have been proposed to explain the enhancement of A FB . These 
models usually postulate the existence of new states, whether in the direct-channel coupling 
to tt, or exchanged in a cross-channel and coupling the top quark to first- and/or second- 
generation quarks. Examples include flavor- changing Z' [3|-|20| . W 2lM34|] and axigluon 



G' 



35 



55] models, among others 5JH78|. 



Strong constraints on models of new physics come from a variety of sources, whether 
from low-energy precision data that limit flavor changing couplings of the top quark, or 
from collider data such as the tt invariant mass distribution and the tt total cross section 
at the Tevatron. Models of NP also face experimental constraints from searches for new 
phenomena at the LHC such as the absence of direct evidence thus far for new heavy gauge 



bosons W 



79j and Z', and stron g bo unds on the cross section at the LHC for the production 



of pairs of same-sign top quarks 80|, l81 |. 



Of particular interest to us have been the implications of models of new physics for 
the polarization of the top quark, and methods that can be used to measure the polariza- 



tion 



821 ] . This focus on the top quark polarization also serves as a unifying theme for the 



topics discussed in this new paper. In the SM, strong production of ti pairs in quantum 
chromodynamics (QCD) yields an equal number of positive and negative helicity top quarks, 
hereafter referred to as tn and t^. Electroweak production in single top quark production, 
for example, yields primarily t^. Therefore, a demonstration that a significant fraction of 
top quarks are produced with positive helicity would herald new physics. 

In addition to A FB of the top quark, the DO group reports a positive forward-backward 
asymmetry of charged leptons from top quark decays of A FB = (15.2 ±4.0)% compared 
with the small value (2.1 ± 0.1)% from simulations of the SM j^, \&^. In a previous paper, 
we investigated the kinematic and dynamic relationship between the two asymmetries A FB 
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and A FB 



84|. The fact that A FB , A t FB , and the ratio A FB /A FB are larger than the SM 



predictions indicates that the charged lepton strongly prefers to move in the same direction 
as the top quark from which it originates 
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. We showed that data on the ratio of the 



two asymmetries favor models in which more than t F are produced. A detailed analysis 
of the SM prediction of the lepton charge asymmetry at the Tevatron and the LHC can be 
found in Ref. [87]. 



In this paper, we elaborate on the studies reported earlier and include new predictions. 
We begin in Sec. [Til with the definitions of the asymmetries measured at the Tevatron. 
We summarize the Tevatron data and, using the latest data, we update our earlier fits in 
the framework of Z', W, and axigluon new physics models. Unlike the Tevatron proton- 
antiproton collider, the LHC proton-proton collider offers no preferred direction for the 
measurement a rapidity asymmetry. Nevertheless, a charge asymmetries A l c for top quarks 
and Aq for leptons can be defined and predicted in the SM. Using data from the Tevatron, 
we estimate what may be observed for these charge asymmetries at the LHC in the context 
of models of new physics, and we compare these expectations with LHC data in in Sec. IIHI 
As we show, despite limited statistics, the LHC data on the charge asymmetry are also 
consistent with a deviation from the SM, although perhaps not as great a deviation as 
expected from an extrapolation from the Tevatron observations. 

The relationship of A FB and A e FB is addressed in Sec. [TV] and in Appendix A where we 
include detailed derivations of results not published before. The essential starting point is 
the V — A structure of the matrix element for the decay t — > W + b — > bi + v. Section IIV Al 
contains a discussion of the angular distribution of decay lepton £ + , first in the rest frame of 
the top quark and then after the top quark is boosted in rapidity and transverse momentum. 
We pay particular attention to the positive/negative helicity state of the top quark because 
the final momentum and angular distributions of leptons in the laboratory frame, after the 
top quark is boosted, depends significantly on the top quark's polarization state. In Sec. ITVl 
we derive the relationship of the lepton asymmetry A FB and the top quark asymmetry A FB 
separately for the left- and right-handed polarization states of the top quark. 

Different models of new physics produce top quarks with different proportions of left- and 
right-handed polarization. For example, Z' and W models produce predominantly right- 
handed top quarks, whereas the axigluon model generates unpolarized top quarks. We use 
an axigluon model and a W model in Sec. |V]to deduce their different expectations for the 
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ratio of the lepton and top quark asymmetries. In the case of both models, the allowed 
parameters produce a range of values for the ratios A^/Aq at the LHC and A e FB /A t FB at 
the Tevatron, aligned along approximately straight lines in plots of A £ c vs A l c and of A FB 
vs A FB . Ideally, precise data would provide a definite point in the two dimensional plot and 
tightly constrain the parameter space. 

Our conclusions appear in Sec. IVII We emphasize the value of making measurements both 
of A FB and A FB and of A e c and A f c because their ratio can be related through top quark 
polarization to the underlying dynamics of top quark production. 



II. TEVATRON DATA AND UPDATED FITS 



The top quark forward-backward asymmetry in tt pair production at the Tevatron is 
defined as 

N(Ay > 0) - N(Ay < 0) 



A' 



(1) 



FB N(Ay>0) + N(Ay<0) , 
where Ay = yt — yi is the difference between the rapidities of the top quark and the anti-top 
quark, and N(Ay > 0) (N(Ay < 0)) is the number of events with Ay > (Ay < 0). The 
proton beam is chosen as the direction of positive z. In the SM, the asymmetry is induced 
by perturbative diagrams beyond the leading order. It is predicted to be 8.7%, including 
next-to- leading order (NLO) electroweak (EW) and QCD corrections 88|, [89[. The most 



recent DO result in the ti rest frame is A FB = (19.6 ± 6.5)% [2[, based on their 5.4 fb _1 
luminosity data set, while the measurement from CDF is (16.2 ±4.7)% based on their data 
set with integrated luminosity of 8.7 fb -1 [90j. CDF also reports that A FB in the region of 
large ti pair invariant mass (m t i > 450 GeV) exceeds the SM prediction (~ 3a), although 
the significance is not as large as the 3.4<r deviation of CDF's previous result l|j. More 
explicitly, A FB [m tl > 450 GeV) = (29.6 ± 6.7)% and the SM prediction is 12.8% [89]. 

Many new physics models have been proposed to explain the discrepancy of A FB between 
data and the SM prediction. In this section, we update our previous fits for three models: 
flavor- changing Z' exchange, flavor-changing W exchange, and axigluon models. The mini- 
mal version of the Z' model implies a large rate for same-sign top quark pair production at 
the LHC, not supported by data [3, T 
jets data at the LHC 30, 31, Q- 



8l| . The W model is highly constrained by tt plus 
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The effective interaction between a flavor- changing Z'/W and SM particles is 

£ = ^?fP R tVl + h - c - > ( 2 ) 

where gi is the weak coupling, and q — u (d) for V = Z'(W). In addition to the SM 

process qq —> g — >• ti and its NLO corrections, the ti pair will also be produced via a t- 

channel process with a Z' or W 7 mediator. Using "Aj = +" to represent the positive helicity 

of particle % (right-handed polarization for massless particle), and "A; = — " the negative 

helicity (left-handed polarization for massless particle), we express the helicity amplitude 

My, (Ag, Ah, A t , Af), apart from a common factor ® 2 ^Y' - ac fed , where a, 6, c and d are the 

8[t- m v ,) 

color indexes of q, q, t and i, as 

) = [2 + r 2 v ] sin 0, 

= [2(1-/3) +4(1 + /?)] (l-cos0), 

M*w(+-+-) = - [2(1 + /3) + 4(1-/3)] (1 + COS0), 

A^V'(+ -++) = - [2 + 4] Vl-^sin^ . (3) 

The variables s and t are the usual Mandelstam variables, my is the mass of V, ry = 
nit/my, (3 = a/1 — 4m 2 /s, and 6 is the polar angle of the top quark in the center mass 
(cm. frame) of the ti pair, measured relative to the initial state quark. In the highly boosted 
limit of /3 — y 1, the nonzero helicity amplitudes are 

M v ,(+--+) ~ 2r£(l-cos0), 

M v ,{+-+-) 4(1 + cos 6) . (4) 

For the axigluon (C) model, we assume, for simplicity, that the interaction of the axigluon 
with the SM quarks is purely pseudo-vector-like and can be written as 

£ = 9s {to q*Yl 5 qj + 9h Qil^Qj) tp'/, (5) 

where tf- is the generator of the color SU(3) group; q denotes the first two generation quarks 
in the SM and Q the third generation quarks. The coupling g s is the usual strong coupling 
strength; g\ and gt are the coupling parameters of the axigluon to the light quark (q, i.e. 
first two generations) and the heavy quark (Q, i.e. third generation), respectively. 
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The process qq — >■ G' — > contributes to production at hadron colliders. Its helicity 
amplitudes Ma>(\ q , Xq, X t , Aj) are 

ffibJcJ (~9i9h) 



M G '{+-+-) 
M G '(- + +-) 



M G '( 
M g >{ 



-+ 



,2+A j-A 



imG'^G' 
9 2 s t£gt? d s (-9i9h) 
s — m 2 G , + irriG'^G 



-f3(l + cosi 



COS I 



(6) 



where r^" is the width of axigluon. For vtlqi > 2m t , which is the case in our study, 

3/2" 



r G ' 



6 



±9i 



2 

9h 



1 



4m^ 



m 



G' 



(7) 



For coupling strength gi = gh = 1, the ratio Tc'/mG' ~ 0.1. 

The absence of pronounced deviations from the SM expectation in the measured m t i 
distribution [l, 2] indicates that the axigluon should be heavy and/or broad. Since the term 
linear in cos 9 appears only in the interference term, the contribution to A t FB in ti production 
from an axigluon is therefore through interference with the SM channel. Its effect becomes 
important in the region of large m t t, i.e. ~ 1. The interference term in the overall squared 
amplitude is proportional to 



[2g l9h (l + costf) 2 - 2g l9h (l - cos6) 2 ] 



sis 



m 



G> 



Agig h s(s - m 2 G ,) cos 9 



m 



G' 



+ m G' T G> 



m 



G' 



m 2 r 2 

" L G' L G' 



(8) 



When an axigluon is heav y su ch that < tug 1 , the product of gig h must be negative to 



obtain a positive Afb [37], [39|, |40 |. 



We fit data at the Tevatron to determine the parameters of the three new physics models 
under consideration. The NLO SM contributions are included along with the contributions 
from the new ph ysic s models. We choose to fit the measured total cross section for ti pro- 
duction (7.5 pb) 9l|, and the most recent result on A t FB from CDF with 8.7 fb _1 integrated 



luminosity 90[. We scan the parameter space of the models requiring that the predictions 
fit the total cross section as well as A FB for both m t i < 450 GeV (7.8% ± 5.4%) and 
m tt > 450 GeV (29.6% ± 6.7%) within 2a accuracy. The SM ti cross section we adopt is 



6.77 pb calculated with MCFM6.2 



92| 



bins, we follow the values shown in Ref. 



or the SM predictions of A FB in different energy 



89j: 



A FB (m t t < 450 GeV) = 6.2 %, A FB (m t t > 450 GeV) = 12.8 



'0. 



(9) 
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m G , (GeV) 

FIG. 1: The parameter space of three new physics models determined from fits to the Tevatron ti 
total cross section and A FB measured by the CDF collaboration in the intervals m t i < 450 GeV 
and m t i > 450 GeV. The yellow region fits the data within la and the green region fits within la: 
flavor-changing Z' model, flavor-changing W' model, and axigluon model. The dashed line in (a) 
shows the bound obtained from the CMS search for same-sign top quark pairs at the LHC. The 
dashed line in (b) shows the bound on the coupling fyyi that we obtained from an analysis of the 
CMS data on top-pair-plus-one-jet events at the LHC. The blue shaded region in (c) is inferred 
from the limits set by ATLAS on axigluons from the search for enhancements in the dijet mass 
distribution. 

Figure [1] shows the results of our fits for the three models. The yellow (green) band is the 
parameter space which fits the Tevatron ti total cross section and A FB within l(2)o\ For 
the Z' model, there is no allowed parameter space when mz> is less than about 400 GeV, 
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and only a tiny region can fit within la when mz> is heavier than 1100 GeV, with large 
couplings fz> > 6.6 . This conclusion differs from the one in our earlier work. The difference 
comes entirely from the fact that we are now fitting the most recent CDF data in which 
A FB is smaller. The contribution from Z' exchange is fed by the u and u initial states which 
have large parton densities at the Tevatron pp collider. Therefore, both A FB and the ti total 
cross section change rapidly with the coupling fz>. When fz> is large enough to bring the 
total cross section into a region that is consistent with data at the 2a level, A FB at high 
m tt (> 450 GeV) becomes too large to fit the data. As a result, only a small parameter 
space yields a better fit than the SM itself, and it is very difficult to reach agreement with 
data within la. Therefore, we now conclude that the minimal flavor- changing Z' model 
can barely explain the large deviation of A FB from the SM observed at the Tevatron. In 
FIG. H-Z 7 ), we also plot the upper limit of the coupling for the Z 1 model obtained from the 



search of same-sign top quark pairs at the LHC [8l|. The region above the blue dashed curve 
is not allowed since too many same-sign top quark pairs would be produced. The minimal 
version of the Z' model is definitely disfavored. 

In contrast to the Z' case, there is a large region of parameter space in which the W 
model can fit the Tevatron data within la and 2a, as shown in FIG. 1HW')- We scan the 
coupling fw> in the W model up to 7.5 in our numerical study. 1 We see that the W model 
can fit data quite well with mw' 1 TeV for the coupling parameter fw> % 7.5. The 
asymmetry and the ti cross section do not change as sharply with coupling in W model 
as they do in the Z' case since their contributions are fed by the smaller d and d parton 
densities. The upper limit of the coupling for the W model is shown in the figure. It is 
obtained from an analysis of the CMS data on the production of a top pair plus one jet 
The region above the blue dashed curve is not allowed since too many ti + j events would 
be produced. The data were not analyzed for values of the W mass below 400 GeV so we 
do not show a constraint below this value. We see that some region of the parameter space 
of the W model remains open. 

In the axigluon case, we scan g\ and gt up to 8. For simplicity, we fix g\ = —g^ = fa> 
in Eqs.(6-7). To achieve good agreement with data at the la level, the mass of axigluon 



79|. 



1 The upper bound on the coupling is set here by the choice of a perturbative bound g^fw'/i^ x — b 
which means fw 1 < 7.7 . 
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is required to be in the range of about 900 GeV to 1900 GeV. For other axigluon masses, 
the model can only fit data at the 2a level. These results are shown in FIG. QJG'). In 
FIG. QJG"), we also show some bounds on axigluon masses and couplings obtained from a 
search for resonances in the dijet invariant mass distribution {93]. The ATLAS dijet search 
excludes axigluon masses between 0.6 and 2.1 TeV for fc = 1. Therefore, we show an 
excluded region above fc = 1- On the other hand, axigluons with large width cannot be 
excluded using the search technique described in the ATLAS paper. The contribution from 
a broad axigluon would cover a large fraction of the search region in the dijet invariant mass 
and be absorbed into the data-driven background fit. To account for this limitation of the 
search, we sketch a soft upper limit of the exclusion region in fc determined by the value 
T G ,/m G , = 0.3 (the blue shaded region in FIG. W(,G')). 

To summarize this section, we remark that based on the latest A FB data from CDF 
at the Tevatron, the Z' model is disfavored, and a light W (< 1 TeV) is preferred for a 
small coupling strength, while the axigluon can give a good fit with axigluon mass about 
900 GeV ~ 1900 GeV. 



III. LHC PROTON-PROTON COLLIDER 



In this section we address the charge asymmetry in rapidity Ac measured at the LHC. 
We obtain estimates of LHC expectations first by simple extrapolation from the Tevatron 
data on A t FB and second based on the new physics models whose parameters we determine 
in Sec. [TTJ 

The proton-proton LHC collider is symmetric in rapidity, and it is ambiguous to define 
the forward or backward region. However, the u and d (valence quarks inside the proton) 
parton densities carry, on average, a larger fraction of the momentum of the proton than 
the u and d antiquark densities (sea quarks inside the proton). With the knowledge that 
there is a forward-backward asymmetry in the perturbative production process for qq — > ti 
production, we expect that the top quark at the LHC will be boosted in the direction of the 
incident quark. As a result, top quarks should accumulate in the region of large rapidity 
and anti-top quarks will be preferentially in the central region. Therefore, one can define an 
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asymmetry Ac at the LHC as 



N(\y t 


> 


yt\)-N(\y t 


< 


yi\) 


N(\y t 


> 


Vt\) + N(\y t 


< 


yi\) 



The SM prediction including NLO EW and QCD contributions is Ac = 0.0115 at 7 TeV 



center-of-mass energy 



891 ] , and the predicted value drops when the collider energy increases. 



The event generator MC@NLO provides a slightly different result, Ac = 0.006 94j, owing 
to different normalization and the absence of NLO EW corrections. 

Recent measurements of Ac at the LHC have been published by the CMS and ATLAS 
collaborations based on data sets with 4.7 fb _1 of integrated luminosity. The results from 



CMS 95| obtained from the lepton plus jet final state and ATLAS [94j] obtained from 



combining both lepton plus jet and dilepton channels are 

CMS (lepton + jets) : 0.004 ± 0.010(stat.) ± 0.012(syst.) 

ATLAS (combined) : 0.029 ± 0.018(stat.) ± 0.014(syst.). (11) 

The ATLAS central value is an order of magnitude larger than the CMS value, but they 
agree within the large uncertainties in both experiments, and they are consistent with the 
SM prediction. 

At the LHC, ti production is dominated by the gluon-gluon initial state which provides 
no asymmetry, and the asymmetry Ac generated by the quark-antiquark initial state is 
therefore expected to be diluted substantially. A model-independent approximate estimate 
for the LHC asymmetry is 

A c « —, a ^ — f P =r x A FB (qq -»<i)xe. (12) 

The first term represents the fraction of the top-quark pair production cross section induced 
by the qq initial state which is about 17 % in the SM at 7 TeV LHC. The second term is 
the asymmetry induced by the qq initial state. Given that about 88% of the ti production 
cross section in the SM comes from the qq initial state at the Tevatron, A t FB (qq — y ti) can 
be extracted from the top quark forward-backward asymmetry observed at the Tevatron; 
we use Ap B (qq — y ti) ~ A^ B /88%, where A FB is the measured top quark asymmetry. The 
last term e in Eq. (112j) represents the probability of correct identification of the forward 
direction, namely how frequently the forward direction represents the direction of the initial 
state quark. This probability has to be evaluated for both the Tevatron and the LHC. 
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At the Tevatron, the momentum of the proton beam is chosen as the forward direction. 
Therefore, the probability is 

e TEV = ->■ tt)q/P,q/P , 13 , 

a(qq ->■ tt) total 

where the denominator is the total cross section of qq — > ti and the numerator is the 
contribution to the total cross section when the initial state quark and antiquark come from 
proton and anitproton, respectively. An explicit evaluation can be obtained from the integral 
over parton densities: 



e TEV (s) 



Is/S fq/p( X l)fq/p { Xl s) xi , , 

(14) 



Eg Is/S fl/p( X l)fq/P (^fs) + fq/p(Xl)fq/P (^fi 



xi 



where S is the square of the total energy of the pp collision and s denotes the square of the 
energy in the partonic collison. 

At the LHC, with no preferred direction in a proton-proton collider, the boost direction 
of the ti system is chosen to be the forward direction. Hence, the probability of choosing 
the forward direction correctly is 



q>q 



(15) 



a(qq -> tt) total' 

where the numerator now is the contribution to the total cross section when the initial quark 
momentum is larger the the initial state antiquark momentum. The corresponding integral 
over parton densities is 





\ dx\ 




1 XI 




dxi 


~x7s) 


x\ 



fs/s fq/p( x i)fq/p 

The probability e varies with the energy of the ti system, as shown in Fig. [2j At the 
Tevatron, the proton (antiproton) beam represents the direction of initial quark (antiquark) 
quite well and e TEV is nearly 100%. However, at the LHC, the probability e LHC that the 
initial quark direction matches the boost direction of the ti system is about 77%. Since 
the values of e's are not 100%, the wrong choice of forward direction decreases the absolute 
value of A t FB . 

The measured number of forward (backward) events is therefore Npe + Nb(1 — e) (A^e + 
N F (1 — e)), where Npw) is the true number of events in the forward region. As a result, the 
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measured A FB equals A FB ue x (2e — 1), and the suppression factor e in Eq. (fl2~|) is 

2e^ c - 1 



54%. (17) 



2( tev _ ! 

Combining all terms, we expect that v4 c ~ 0.17 x A FB /&&% x 54% ~ O.lA^g, where we 

t 

FB 



remark that At R is the value measured at the Tevatron. 
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FIG. 2: The probability of choosing the correction forward direction at Tevatron and the LHC, 
which is the direction of initial state quark. 

Taking A FB ~ 20%, we see that an extrapolation from the Tevatron provides a model 
independent estimate for the LHC of Ac — 0.02, in reasonable agreement with the central 
value of the ATLAS measurement but in excess of the central value of the CMS measurement. 
Setting aside for the moment the still large uncertainties of the LHC data, the agreement of 
the ATLAS measurement with our extrapolation lends credence to the suggestion that new 
physics contributions are playing a role in the asymmetry measured at the Tevatron. On 
the other hand, there is evident tension between the Tevatron asymmetry and the central 
value of the CMS measurement. 

Our model-based predictions of A c , to be discussed presently, provide values of A c a 
little higher than the simple extrapolation. The difference arises because the new physics 
contributions change the fraction of the qq initial state contribution to tt production at the 



Tevatron and the LHC. The SM prediction for the tt cross section is 150 pb 92|, and the 
ATLAS measurement is 177 ±3 (stat.)^y (syst.) ±7 (lumi.) pb [96(. In the W and axigluon 
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models, the contribution to ti production from new physics is only through the qq initial 
state. When the new physics contribution compensates for the excess of the measured ti 
cross section above the SM contribution, the fraction from qq — > ti to ti at 7 TeV can 
increase to about 30% compared with 17% in SM. Therefore, we can expect Aq — 
a factor of 2 enhancement with respect to our previous estimate. 
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FIG. 3: The predicted top quark charge asymmetry, Aq, at the LHC at 7 TeV from the W' (left) 
and axigluon (right) models, compared with the ATLAS (upper) and CMS (lower) results. The 
yellow and green regions are for the couplings that fit the Tevatron ti total cross section and A t FB 
within lcr and 2a, respectively. The central value measured by ATLAS (CMS) at the LHC is 
marked with the red (blue) horizontal line, and the two black dashed lines show the la uncertainty 
of the measurement. The blue dashed lines on the W 1 figures show the bounds obtained from the 
analysis of top-pair-plus-one-jet events. The regions above these dashed lines are disfavored. 
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Turning next to the new physics models discussed in the previous section, we use the 
allowed parameters for the flavor-changing W and axigluon models shown in FIG. [T] and 
calculate Ac at the LHC. The results are shown in FIG. [31 along with a comparison to 
results of ATLAS and CMS. To obtain the ATLAS predictions we use Ac = 0.006 for 
the SM prediction, as done by ATLAS. For the CMS comparison, we use the SM value 
Ac = 0.0115 adopted by CMS. This difference in the assumed value of the SM contribution 
explains the differences in the predictions of Ac for ATLAS and CMS in FIG. [3j 

The values Ac for the W model at 7 TeV are in the range 0.01 ~ 0.1. The sharp drop for 
m W / = 850 GeV ~ 1200 GeV is related to our upper cut of the coupling parameter g w > at 
7.5. Most of the values of Ac predicted in the W model are larger than the ATLAS central 
value; however, they are within the la uncertainty band. For the axigluon model, all of the 
predictions of Ac agree with the ATLAS result within the la level. In the axigluon model Re- 
does not simply increase with the axigluon coupling to SM particles. For mc = 1500 GeV, 
Ac reaches its maximum at about 4.2%, with coupling fc' — 2.7. Therefore, we can see 
that the upper boundary of the yellow region (couplings that fit Tevatron data within la) 
overlaps the green region (couplings that fit Tevatron data within 2a) for some mc- The 
G' model predicts smaller values of Ac than the W model because there is a change of the 
sign of the s-channel propagator. When the invariant mass of the ti system is larger than 
the mass of the axigluon, the contribution to Ac from the interference term is negative. 
In comparing with the CMS data, we see that owing to the large contribution from new 
physics, the predicted values of Ac are outside of the la band. Unless the central value 
increases in updated measurements, the CMS data disagree with new physics models based 
on W or axigluon contributions. 



IV. A e FB AND ITS CORRELATION WITH A FB 

In addition to the top quark forward-backword asymmetry, the charge lepton asymmetry 
A FB is also measured by the DO collaboration at the Tevatron and by the ATLAS collabo- 
ration at the LHC. It is defined as 

AU = N i~ N *. (18) 
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At the Tevatron, TV/ (Nj") is the number of events with q^yg > (qeye < 0), and qg and yg are 
the sign and rapidity respectively of the charged lepton from the semileptonic decay of a top 
or anti-top quark in the lepton plus jets events of tt production. The DO group finds A FB = 
(15.2 ± 4)%, a deviation of about 3<r above the SM prediction 2.1% At the LHC, the 
ATLAS collaboration measures A e FB using data from the dilepton channel in tt events; Ng~ 
(N^~) represents the number of events with \yg+ \ — \y#- \ > (<)0. Based on data corresponding 
to 4.7 fb" 1 of integrated luminosity, ATLAS finds (2.3 ± 1.2(stat.) ± 0.8(syst .))%, in excess 



of the SM prediction 0.4% but within 2a [94]]. 



The top quark is the only quark that decays quickly, before hadronization takes place, and 
its polarization determines the kinematic distribution of its final state particles. Therefore, 
it should be possible to understand A FB based on the kinematics of the charged lepton in 
the decay of a top quark with different polarization states. Before presenting our numerical 
predictions for A FB in Sec FIVE, we show analytically how the relationship of A FB and A FB 
is controlled by the top quark polarization. In this section, we start with the kinematics of 
a charged lepton in top quark decay and derive the correlation between A FB and A FB . We 
introduce a variable Rp that is useful for bridging the lepton asymmetry and the top quark 
asymmetry. 

A. Lepton kinematics and top quark polarization 

The charged lepton in top quark decay is a powerful analyzer of the polarization of the 



top quark 97J. Owing to the V — A structure of the charged current in the SM, the angular 
distribution of a charged lepton £ + from top quark decay (t — > W + (— > £ + u)b) in the top 
quark rest frame is 

1 dT l+A t COS0hel ^ 



T d COS #hel 2 

where At denotes the top quark helicity, and ^hoi is the angle of i + with respect to the direction 
of motion of the top quark in the overall center-of-mass system of the tt production process. 
Throughout this paper, we use the helicity basis in our calculations. We use X t = + to 
denote a right-handed top quark (tn), and X t — — for a left-handed top quark (t^). The 
distributions are shown in FIG. H(a). The charged lepton from a right-handed top quark 
decay prefers to move along the top quark direction of motion, while a lepton from a left- 
handed top quark moves preferentially against the top quark direction of motion. In the 
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rest frame of the top quark, 75% (25%) of charged leptons from i# (ti) decay follow the top 
quark direction of motion, i.e. cos #hei > 0. 




FIG. 4: (a) cos#hci distribution in the top quark rest frame for both ti, and t/j. (b) cos&ti 
distribution in the boosted frame for a top quark with Et = 200 GeV. 

Once the top quark is boosted along its spin direction, the angular distribution of the 
charged lepton relative to the direction of motion of the top quark deviates from (1 ± cos 8), 
and it becomes sensitive to the energy of the top quark E t (or equivalently its velocity (3). 
We derive 

dT = 1- (3cos6 te + A t (cos9 u -(3) 
FdcoaOu ' 2 7 2 (1 -/3 cos fl«) 3 

where f3 = yT— m 2 / Ef , 7 = E t /m t and 9u is the angle between the charged lepton and 

the direction of motion of its parent top quark. As an illustration, we plot in FIG. H](b) the 

distribution of cos Q t i of the charged lepton for E t = 200 GeV. The leptons from both 

and tR move preferentially forward, more so for tn than t^. About 60% of £ + follow the top 

quark (i.e., cos9 t e > ) for i^, and almost 100% for t^. 

To obtain the forward-backward asymmetry in the laboratory frame, we must rotate the 

angular distribution in Eq. [20] from the top direction of motion to the laboratory coordinate 

axes. We use a function Rp At (/3, y t ) to represent the probability that a lepton with positive 

charge lands in the forward region when it originates from a top quark with velocity 0, 

rapidity y t , and polarization X t . Formally, 
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where N F (N l B ) denotes the number of leptons I in the forward (backward) region in the 
laboratory. Moreover, 

A F * t (f3,y t ) = 2R F Xt ((3,y t )-l. (22) 

It is noteworthy that an explicit analytic expression can be obtained for R F Xt ((3, y t ) in the 
laboratory frame. The derivation is somewhat lengthy, and it is presented in Appendix IA 31 
We obtain 



n 



R e F Xt W,y t )= < 



+ 



1 



+ 



A t coth y t 



2 2(1+ 7 - 2 cothV) 1 A(3-i 2 (1 + 7 - 2 cothV) 



A t coth y t 



3/2 



y t e[o, y? 



(23) 



where 



2 2(1+ 7 - 2 coth 2 ^) 1/2 4/3 7 2 (1 + 7 - 2 cothV) 3/2 ! 

1 + /3 



y t E \-yr\ 0] 



IJt 



i-i- r (24) 

Figures illustrating the behavior of R e F Xt (j3, y t ) as a function of y t for different choices of 
E t , and as a function of y t for different choices of p t may be found in our Ref. 84jj, along 
with a discussion of interesting kinematic features of the curves. We limit ourselves here 
to showing FIG. [5] and invite readers to consult our Ref. 84(. The energy E t = 200 GeV 
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FIG. 5: The ratio Rf as a function of yt for a top quark with fixed energy: (a) Et = 200 GeV 
and (b) E t = 600 GeV. 

represents top quarks produced just above the threshold region, where the cross section is 
greatest, while E t = 600 GeV pertains to highly boosted top quarks. For right-handed top 
quarks t R (black-solid lines in FIG. |5]), Rp increases rapidly with y t in the region y t > 0. 
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On the contrary, in the case of t^s, the ratio Rf does not vary as significantly with y t . For 
E t = 200 GeV, the boost causes charged leptons to distribute nearly uniformly, and as a 
result, Rf is close to 0.5 for the allowed range of y t . When the energy of top quark is great 
enough, the large boost forces most the charged leptons from top quark decays to move 
along the top quark direction of motion, even for t^. 



B. From A FB to A e FB 

The functions R F At (/3, yt) in Eq. [2T] and A F Xt (f3, y t ) in Eq. [22] are functions of the top 
quark momentum. To obtain the numbers of leptons in the forward and backward regions, 
we must convolve R F At (/3, yt) with the top quark momentum spectrum on an event-by-event 
basis, i.e. 

at£ i f rp-n\ 

Jjr^r = -„ E_ / # ») * < 25 > 

Aji 1 f rl^rrl 

vpfe = - a E / 1 1 - »)l A < 26 > 



where — — labels the differential tt production cross section for a top quark with specific 
dpdyt 

kinematics ((3, y t , A 4 ) and a stands for tt total production cross section. 

The observed positive top-quark asymmetry A FB indicates that more top quarks are 
produced in the forward region than in the backward region of rapidity. Both £r and 
can generate a positive lepton asymmetry A FB from a positive A FB . However, a ti would 
need a large boost along the proton beam line (i.e. in the large forward rapidity region) to 
overcome the fact that most of the charged leptons from its decay move against it in its rest 
frame. A right-handed top quark tn can yield a positive A FB even for top quarks near the 
tt threshold region. Therefore, the large positive top quark and lepton asymmetries A FB 
and A FB observed by the DO collaboration indicate that the top quark polarization and the 
kinematics of the top quarks, y t and E t , may be playing a non-trivial role. 

In the SM, the vector coupling of gluons in the SM leads to equal production of left- 
handed and right-handed top quarks in the final state. After performing the convolutions 
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in Eq. (27J we obtain 

4k^(£±^) =40% (28) 

FB * 

in the SM at Tevatron. The first term in the numerator is the contribution from left-handed 
top quarks, and the second term is from the right-handed top quarks. This estimate agrees 
well with explicit NLO calculations j^j. This SM expectation may be contrasted with the 
value 

= 78 ± 33% (29) 

Afb 

obtained from the DO measurements of A FB and A t FB . The uncertainty is large, but the 
central value of the DO ratio exceeds the SM estimate and indicates that new physics must 
produce more right-handed than left-handed top quarks. It would be valuable to confirm 
this measurement with the full data sample in DO and to make a similar measurement with 
CDF data. 

The top quark asymmetry A FB can be expressed as a sum of contributions from the SM 
and NP as: 

W p + A^ M )-M p + iv! M ) 



.4 



(ATNP + jySM) + (Ar NP + N SM^ 

= 4 B NP x R NP + 4J M x (1 - i? NP ), (30) 



where 



N SM _ N SM N NP _ atNP atNP 

At, SM _ iv F ly B At, NP _ iv F _ ly B dNP _ JV tot Mi \ 

" N SM + ^SM » FB ~ ^NP + ^NP ' " jySM + jyNP » 

with N F Ym and NW™ being the numbers of events in which the top quark moves with 
y t > 0(y t < 0) in the SM and induced by NP, respectively, and N^^ P ' is the total number 
of events predicted in the SM (induced by NP). 



A simplified analysis the correlation between A FB and A FB in presented in our Ref. 84] 
in which we assume that A FB is generated entirely by new physics. In the explicit numerical 
predictions presented in the next section all SM contributions including the NLO QCD 
effects are retained. 



V. A e FB AND NEW PHYSICS MODELS: AXIGLUON AND W 

The correlation between the charged lepton asymmetry and the top quark asymmetry is 
significantly different for different polarization states of the top quark, and it may therefore 



19 



25 



20 



15 



10 



w 


1 

5 


I 








ii 


! : 












— — H 
















* 














■■ 

























o 



0.1c 
0.09! 

0.08- 

0.07; 

0.06! 
0.05! 
0.04! 
0.03 = 



10 15 



- I I 
E I 




i i i i i 
1 


: 1 




j W' ! 


: 1 
1 1 




1 = 


E 1 




1 , 


EH 
E 1 




. '• 


- r 

- 1 




1 ■• 
1 • 


c 1 
- 1 




"1 


E 1 




1 1 


E 1 ,■' 




1 E 


= 1 , 




1 , , , , = 



CQ 



G ! 












i , , i 


_ 

! : 












—i 


f— — — 




- 














1 ■ 












Br ' 





















20 25 30 
A? B (%) 



°o u 



_ o 0.08 
< 

0.07 
0.06 
0.05 
0.04 
0.03 
0.02 
0.01 



0.05 



0.1 



10 15 



20 25 30 

aL (%) 





1 






1 














G' i 


























: T 














































i ■ jSi 

. .,..,„.i 1 ?- i y 












- I - r v ■ 













0.02 



0.04 



0.06 



0.08 



FIG. 6: Upper two panels: correlation between Ap B and A f FB for the W' (left) and axigluon (right) 
models at the Tevatron. Different colors of dots indicate different mass ranges. In the W model, 
red: 100 GeV ~ 300 GeV, green: 400 GeV ~ 500 GeV, blue: 600 GeV ~ 800 GeV, yellow: > 
800 GeV. In the axigluon model, red: 800 GeV ~ 1300 GeV, green: 1400 GeV ~ 1700 GeV, 
blue: 1800 GeV ~ 2100 GeV, yellow: > 2200 GeV. The blue square point is the DO data with its 
la uncertainty. The red vertical line shows A f FB measured by CDF in the 8.7 fb -1 data set, and 
the two black dashed lines present the la uncertainty band. Lower two panels: the correlation 
between the Aq and Aq at the LHC for the W 1 (left) and axigluon models (right). The vertical 
(horizontal) red line and the two black dashed lines show the central value of Ag (Aq) and the la 
uncertainty bands measured by ATLAS at the LHC. The green (red) dots are obtained from the 
parameters that fit the Tevatron ti cross section and A FB within la (2a). 
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shed light on the nature of the new physics that causes the forward-backward asymmetries 



at the Tevatron. In this section, as in our previous study |84(, we choose the W and axigluon 
models as two reference models to examine the correlation at the Tevatron and the LHC. 
The results we show here for the Tevatron are slightly different from our previous results 
because we now use parameters obtained in Sec [III from our fit to the full CDF data set. In 
addition, we now present predictions for the LHC. 

The axigluon and W models admit good fits to A FB at the Tevatron, but they provide 
distinct predictions for the polarization and kinematics of the final state top quark. The W 
model produces dominantly £r while the axigluon model generates an equal number of tn and 
tL with more energetic top quarks since the quarks come from the decay of a heavy axigluon. 
In FIG. El we show the results of our calculation of the charged lepton asymmetry using 
the parameters determined in our la fits to the tt total cross section and the most recent 
CDF data on A t FB . The upper two plots show the charged lepton asymmetry as a function 
of the top quark asymmetry at the Tevatron. The lower two plots display the charged 
lepton asymmetry for the LHC together with the top quark charge asymmetry Aq. For the 
Tevatron, the values of A FB are determined in the tt rest frame whereas, for comparison 
with the DO point shown, A FB is in the laboratory frame. For the LHC predictions, both 
at A l c and at A l c are in the same frame. 

There are vertical red lines in FIG. [6] at A t FB ~ 16% in the Tevatron plots and at 
Aq ~ 0.03 in the LHC plots to show the central values of the asymmetries measured by 
CDF and ATLAS, respectively, and two black dashed lines in the upper and lower plots to 
show the extent of the quoted experimental la uncertainty bands. The horizontal red line 
in the LHC plots shows the central value of A l c measured by ATLAS at the LHC, and the 
horizontal black dashed lines show the la uncertainty values. Since the CDF collaboration 
does not present the charged lepton asymmetry A e FB , we show only the previous DO data as 
a blue square point. 

The predicted charged lepton asymmetries stretch out over a range of values depending 
on the values of the axigluon or W masses used in the fits to the Tevatron data. At the 
Tevatron, the charged lepton asymmetry spreads from 3% to 17% in W the model, and over 
a narrower range, from 6% to 13% in the axigluon model. At the LHC, there are parameters 
in both models (obtained from the Tevatron fits) that can reproduce the values of A l c and 
A l c measured at the LHC by ATLAS, shown by the fact that the intersection of the vertical 
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and horizontal red passes through the scattering of dots. On the other hand, there is a wide 
range of dots in the W model that are above the central values of A l c and A e c , and out of 
the la uncertainty band. In the axigluon model, all the values of A l c and A e c are consistent 
with ATLAS measurements within the la bands. It is evident that LHC and Tevatron data 
together could reduce the allowed parameter spaces of the two models. 
The best fits to the lines of points in FIG. [6] at the Tevatron are 

A FB = 0.77 x A FB - 3.6% (W); A l FB = 0.50 x A FB - 1.0% (axigluon). (32) 

For LHC, the best fits are 

A l c — 0.85 x4~ 0.002 (W); A e c = 0.61 x A l c + 0.0008 (axigluon). (33) 




0.5 1 1.5 2 0.5 1 1.5 2 



y. y. 

FIG. 7: Two-dimensional differential distribution, (JV (pt,Vt) ~ N ipt, — yt))y t >o/^tot for (a) the 
W' model with mw> = 200 GeV, and (b) the axigluon model with mc = 1.8 TeV. The dashed 
line indicates 2Rp — 1 = 0.5 for each model, with 2Rp — 1 > 0.5 (< 0.5) on the right- (left-) side 
of the curve. The coupling strengths in the new physics models are chosen so that A FB and A FB 
are accommodated. 

In order to gain greater insight into these correlations, we examine two-dimensional dif- 
ferential distributions of A^ B = (N F — N B )/N tot as a function of top quark rapidity and 
transverse momentum. In FIG. [7] we show these density plots for a 200 GeV W (left) 
and a 1.8 TeV G' (right) at the Tevatron. Different colors show different densities of 
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(^(ptji/t) — N l {pt, — yt))y t >o/Ntat- The top quark forward-backward asymmetry A FB is 
obtained after integrating over the rapidity yt and transverse momentum (ptp) of the top 
quark. As we can see, most of the events which contribute to the top quark asymmetry 
concentrate in the region of p? about 50 GeV ~ 150 GeV (the axigluon model has more 
events with high px), and y t about 0.4 ~ 1.2. 

In FIG. U\ we also show the curve of 2Rp — 1 = 0.5 as a red dashed curve. Events to the 
right (left) of the curve denote values 2Rp — 1 > (<)0.5. Note that 2Rp — 1 is the weight 
when we convolute with the differential A FB to obtain the charged lepton asymmetry, c.f. 
Eq. (12 7p . Therefore, a larger charged lepton asymmetry is expected when there are more 
events to the right of the red dashed curve. In the W model, events that contribute to A FB 
are more concentrated in the region 2R F — 1 > 0.5 than for the axigluon model, consistent 
with the fact that A FB /A FB in the W model is larger than in the axigluon model. 

The size of the top quark asymmetry, in excess of SM expectations, is one indication that 
new physics may be playing a role. The charged lepton asymmetry provides a second and 
independent indication of the presence of new physics since it shows that more right- than 
left-handed top quarks are being produced. It is important to confirm the charged lepton 
asymmetry. This goal could be realized with an analysis of the full data set in DO. We also 
encourage the CDF collaboration to measure the charge lepton asymmetry. 

VI. SUMMARY AND DISCUSSION 

A forward-backward asymmetry in rapidity A FB of top quarks is observed at the Fermilab 
Tevatron. Its value exceeds SM expectations by ~ 3a, perhaps indicative of the presence of 
new physics contributions in the top quark sector. In this paper we expand considerably on 
our previous studies of implications of the asymmetry and include new predictions for the 
related top quark charge asymmetry at LHC. Starting from the CDF value of A FB obtained 
in the analysis of their 8.7 fb _1 data set, we derive the allowed regions parameter space of 
three new physics models, based, in turn, on the exchange of a flavor- changing heavy Z' or 
W in the t-channel, or the contribution of an axigluon G' in the s-channel. The asymmetry 
data alone now show that the minimal Z' model is disfavored, a conclusion reinforced by 
the negative search by CMS for pairs of like-sign top quarks at the LHC. For the W and G' 
models, we show that the parameter space allowed by the asymmetry data is constrained 



23 



further by LHC searches for tt plus one jet events and for enhancements in the dijet mass 
distribution, respectively. 

Our analysis of the Tevatron data is then used to obtain predictions for Ac at the LHC. 
First, the association of the asymmetry A FB with the quark-antiquark initial state allows us 
to obtain the model-independent estimate Aq — 0.1A FB , in agreement with the central value 
of the ATLAS measurement but in excess of the central value of the CMS data. Explicit 
calculations of Ac based on the allowed parameter space of the W and G' models are shown 
in Fig.[3]and compared with the LHC measurments by ATLAS and CMS. These calculations 
confirm that it is difficult to reconcile the CMS measurements of Ac with the parameters 
determined from fits to A t FB at the Tevatron. On the other hand, the ATLAS data are 
readily accommodated. The available LHC data on Ac are based on a sample with only 
4.7 fb _1 of integrated lumiosity. A reduction of the experimental uncertainties could justify 
stronger conclusions regarding the compatibility of the Tevatron and LHC measurements, 
and a combined analysis of full statistics data from both colliders would offer significant 
advantages. 

In addition to the top quark asymmetry, the charged lepton forward-backward asymmetry 
A FB is also measured at the Tevatron. The DO collaboration reports A FB = 15.2%, about 
3cr above the SM value. In Sec. IV and in the Appendix, we explain the kinematic and 
dynamic aspects of the relationship between the asymmetries A FB and A FB based on the 
(V — A) spin correlation between charged leptons and different polarization states of the top 
quark. We show that A FB and A FB are strongly positively correlated for right-handed top 
quarks. For left-handed top quarks, the strength of the correlation depends on how much the 
top quark is boosted. Since most of the tt events are produced in the threshold region, the 
positive values of A FB and A FB measured at DO allow us to conclude that more right-handed 
than left-handed top quarks are being produced, in contrast to the SM expectation of equal 
rates. This is a second manifestations of disagreement of asymmetry data with the SM, 
independent of the discrepancy of the magnitude of A FB . We hasten to remark, however, 
that the current uncertainties are large. The reported DO data are based on only about 
half the recorded data set. Analysis of the full DO data set is desirable, and it would be 
helpful to have an independent measurement of A FB from the CDF collaboration. There is 
great value in making measurements of both A FB and A FB because their correlation can be 
related through top quark polarization to the underlying dynamics of top quark production. 
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In Sec. V, we present predictions for the correlation of A FB with A FB at the Tevatron, and 
for the charged lepton asymmetry A e c with the top quark asymmetry A l c at the LHC. These 
predictions are based on the allowed parameter space of the two benchmark new physics 
models, the W and G' models, determined from our fit to the CDF data on A FB . In the case 
of both models, the allowed parameters produce a range of values for the ratios Aq/Aq at 
the LHC and A FB /A FB at the Tevatron, aligned along approximately straight lines in plots 
of A e c vs Aq and A FB vs A FB . Ideally, precise data would provide a definite point in the two 
dimensional plot and tightly constrain the parameter space. The two benchmark models we 
consider are illustrative of the spectrum of possibilities in that the axigluon model produces 
an equal number of right-handed and left-handed top quarks, wheres the flavor-changing W 
model produces dominantly right-handed top quarks. 

As a final point, we remark that the definitions of the asymmetries require a specification 
of the reference frame in which they are measured, whether the laboratory frame or the ti 
rest frame. In this paper, we begin with A FB in the ti rest frame since the highest statistics 
value of A FB is measured by CDF in the ti rest frame at the Tevatron. On the other 
hand, the only Tevatron data on A FB are measured by DO in the lab frame. To take frame 
dependence into account, one could begin from 

A FB (lab) A FB (lab) A FB (lab) 



A FB (ti) A FB (lab) A FB (ti) ' 



(34) 



The boost tends to reduce A FB in laboratory frame relative to the ti frame 35[. The 
reduction is about 30% for the SM, but may be different when new physics is included 
since the kinematics of ti change slightly. As a result, A FB (lab)/A FB (ti) will be smaller 
than A e FB (lab)/A FB (lab). Rather than apply uncertain correction factors, we use the DO 
laboratory frame data on A e FB , but we urge the DO collaboration to measure their A FB 
in the laboratory frame in order to have a more transparent comparison with new physics 
predictions. A better comparison with theoretical expectations of the correlation between 
the charged lepton asymmetry and top quark asymmetry would be possible with a DO update 
of A l FB and A FB in the same frame with their full data set. 
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Appendix A: Energy and angular distributions of the charged lepton 



We present our detailed calculation of the energy and angular distributions of the charged 
lepton from the decay t —> W + b —> bl + v. 

1. The charged-lepton distributions 

In the top quark rest frame, the energy and angular distribution of the charged lepton 
£ + is 

Ax 



dT OL 2 w m t 1 + X t z 

-x{l — x) Arctan 



dxdz 32ttAB v ' 2 [B - x ' 

where x = 2En/m t [E^ is the energy of the charged lepton) and z = cos 9. The angle 9 is 
the angle between the direction of motion of the lepton and the top quark spin direction, X t 
denotes the helicity of the top-quark (At = + for a right-handed top-quark while At = — for 
a left-handed top-quark), A = T w /m w and B = m^/m^. The function Arctan is defined 
as 



Arctan (a;) 



arctan x, x > 0, 



Ti + arctan x, x < 0. 
Taking the narrow width approximation for the W, we have 

Hi " ^ ti-) 1 ^ < A2 > 

where Q(x) is the Heaviside step function, and 0(x — B) ensures the top quark decays into 
an on-shell jy-boson. 

Note that the energy distribution and the angular distribution are separable functions in 
the top quark rest frame. This implies that, after an integration over the angular distribu- 
tion, the energy distributions of the leptons are identical from left-handed and right-handed 
top quarks. 

2. Rf along the direction of motion of a boosted top-quark 

We consider next a boost of the top quark along its helicity axis with a velocity f3. As a 
result of the boost, the angular z and energy x = E^/E t distributions of the lepton become 
correlated. 
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FIG. 8: Illustration of the charged lepton distribution from a boosted top quark in the laboratory 
frame. The top quark is moving along the 5-axis. The white inner region is not allowed for an 
on-shell VF-boson. The four black-bold points along the z axis show the limits of integration of the 
charged- lepton energy ratio x. 



The lepton momentum and angular distribution in this new frame of reference is 



dT 



aw m t x 



dxdz 6AAB 1 - p 2 



x 



z(5) 



1 + Aj 



z-P 



zP 



e x 



B(l-P' 



zP 



(A3) 



1 -P 2 " 

Since the lepton's energy spectrum cannot be negative, the upper limit of the integration 
over x is determined by the following condition 

x _ . 1 - P 2 



zP) > 0, 



i.e. 



l-P 2 ^ 

The lower limit is fixed by the Heaviside function in Eq. IA3 

1-P 2 



zP' 



B- 



(A4) 



(A5) 



1 - zp' 

Figure [8] shows the lepton distribution along the direction of motion of the top-quark z(p t ) 
in the boosted frame. The intercepts along the 5-axis (i.e. the four black-bold points) 
are determine by the upper and lower limits of x stated above. Only the shaded region is 
allowed by kinematics, and the inner white region is excluded by the on-shell condition of 
the VF-boson. The angular distribution of the charged lepton is 



dT 

dz 



dT 



dx 



a 2 w m t (1 - Bf (1 + 2B) (1 - P 2 ) [1 - zfi + X t (z - /?)] 



_ n dzdx 384AB (1 - zP) c 

from which we obtain the normalized angular distribution: 

IdT (1 - P 2 ) [1 - zP + X t {z - P)\ 



T dz 



2{\- z py 



(A6) 



(A7) 
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Along the direction of motion of the top quark, the charged lepton is in the forward 
region with z = cos 9 > and in the backward region with z = cos 9 < 0. The partial width 
of the charged lepton in the forward region is 



dT 

dz 



dz 



otw m t 



1 -3 J B 2 + 2 J B 3 )(l + /3) 



1 + ^(1-/3) 



(A8) 



and the partial width of the charged lepton in the backward region is 



r 



B 



dT 



-dz 



a 2 w m t 



_! dz 384A5 
The forward fraction ratio Rf is 

rv 



(1 -3£ 2 + 2£ 3 )(l - f3) 



Xt 



(A9) 



Ri 



1 + 13 



[2 + A t (l-/3)] 



(A10) 



T F + T B 4 

Since < 1, Rf for a right-handed top quark is always larger than 75%. On the other 
hand, for left-handed top quarks, the leptons tend to move opposite the direction of the 
boost in the top quark rest frame. Owing to this anti-boost effect, there is a critical point 
of Rp = 50% for a left-handed top quark. The critical point occurs at /? = V2 - 1 « 0.414, 
i.e. Et ~ 191.5 GeV. 



3. Rp in the laboratory frame 

The direction of motion of a top quark does not generally coincide with the beam di- 
rection, and, therefore, the ratio Rf derived in the previous section does not describe the 
probability of finding a charged lepton in the forward region of the detector. In this section 
we generalize Rp to the situation in which the top quark kinematics in the laboratory frame 
are described by its velocity (3 and rapidity y t , or equivalently, by its traverse momentum pp 
and rapidity yt. To obtain Rp, we will rotate the lepton momentum and angular distribution 
in Eq. IA3I to the laboratory frame and then integrate over the forward hemisphere in this 
laboratory frame. 

Figure M illustrates the charged lepton distribution in the laboratory frame whose axes 
are labeled (X,Y,Z). The top quark boost is along its helicity axis r). The calculation of 
the decay distribution of the lepton can be carried out in the new frame (£, (, fj). The angle 
between fj and Z is denoted O, with k = — tanO. For simplicity we require one common 
transverse direction for the two frames, X and £. The important point to make is that the 
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transverse plane P (X-Y), which separates the forward {Z > 0) and backward (Z < 0) 
regions in the laboratory, is not perpendicular to the direction of motion of the top quark. 
Our task is to calculate the fraction of the charged leptons that fall in the forward region 
Z > 0. 




FIG. 9: Illustration of the charged lepton distribution from a boosted top quark in the laboratory 
frame. The capital X, Y, Z axes denote the laboratory frame, with the Z-axis being the direction 
of the beam line. The top quark is boosted along the r/-axis. 

The major semi-axis of the decay ellipsoid is the 7/-axis direction, with focus at the origin 
of the two coordinate systems, the top quark decay coordinate frame and the laboratory 
frame. The £-axis lies in the transverse plane P, and the relationship of the values of r\ and 
C for points in this plane is given by the equation of the line obtained by projecting the eta 
and zeta axes onto plane P. 

ri = k(, k < 0. (All) 

We introduce polar coordinates, 

£ = sin#cos0, £ = sin#sin0, rj = cos 9, (A12) 

where 9 is the polar angle, and <fi is the azimuth angle in the frame (CjC 1 ?)- Throughout 
this work we choose the convention that the <fi angle is in the region [0,27r), which means 
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< 4> < 2tx. In terms of these polar coordinates, the equation relating points in the plane 
P becomes 

cot 9 = k sin 0. (A13) 

Consider the case of a top quark with positive rapidity (k ^ 0, i.e. y t ^ 0). Charged 
leptons on the right (left) of the P-plane are in the forward (backward) region in the lab- 
oratory. Their momenta satisfy the conditions rj > kC, (rj < k(), respectively. In the polar 
coordinates, the conditions become: 



forward region : sin0 > 
backward region : sin < 



cot 9 

~1T' 
cot0 



(A14) 



These two inequalities then specify the region of integration over the 9 and angles as 
follows: 



cot9/k ^ —1: the condition sin0 > cot9/k is always valid. Therefore, the charged 
lepton is always in the forward region. The integration regions are 9 ^ arccot(— k) 
and G (0, 2n). 

cot9/k ^ 1 (i.e. 9 ^ arccot(/c)): there is no solution because no can satisfy sin0 > 
cot9/k ^ 1. 



-1 < cot 9/k < 1: When 9 > ir/2 , 



and for 9 ^ tt/2, 



' cot 9 \ ( cot 9 " , 

- I , Ti — arcsm I - ) ) ; 



, cot9\\ ( /cote . 

0,ii — arcsm ( — ; — ) ) U | 2tt + arcsm I — ; — I , Z7T 



k 



We summarize the integration regions in Table [B 

The lepton spectrum from decay of the top quark is 
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dxdzd<p 



128tt AB 1 - /3 2 
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(A17) 
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TABLE I: The integration regions of the 9 and (ft angles. Note k < by definition. 



Part I 
Part II 

Part III 
Part IV 



COS I 



v / T+P" 



,1 



0. 



V / T+fc2 



•1, 



V / X+fc 2 



(0,2vr) 

0,vr - arcsin (^H U (2tt + arcsin ,2tt) 



(arcsin 



— ) , 7r — arcsin 





^)) 



The partial width for a lepton in the forward region is 

1-zP f<Pmax ^ 



dz 



dx 



b(i-/3 2 ) L . dxdzdd) 

2 _ 2(i g tyrmn ' 



, Z t-W 2ndT 

dZ / OX- : — — 

/ b (i-/3 2 ) dxdzdd) 



^/T+k 



vW , f i—e , dT 

dz I dx- : — — 

k / b(i-<3 2 ) dxdzdd) 

v / I+^ 2 ~ ^ 



7T — 2 arcsin 



' vi+fc 2 , dr 

(32- 



2ndz 



n — 2 arcsin 



2 



fcVT 



(A18) 



The values of 



^min Snd (ftmax 



r 



are listed in the Table, and is 



x A* (1-/3) + 2 1 + A; 2 (1 + /3) + Wl + F (1 + /3) . (A19) 



r 4(v / TTF+fc/3)' 
The calculation of involves more steps. After integrating x, we obtain 



Vi+fc 2 



vT+fc 2 
l 

i 



7r — 2 arcsin 



k(3t 



[1 - X t f3 + (A* - (3) z] 



kt 



4tt (1 - zf3f 

k(l- (3 2 ) (tt- 2 arcsin t) 



x 



4tt (v / TTI¥ - fc/3t) 



3 ' 



/(*) 



(A20) 



where we change the integration variable z to t = z/(k\/T—z?) in the second step. The 
integration can be done analytically, but special care is needed at the upper and lower limit 
where the integral is not analytically continuous. We approach the upper bound from the 
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left and the lower limit from the right, obtaining 

Um f f(t)it = e + a,(i + ^)(i-^) i. 



7 Vl + fc 2 (l -/3 2 ) 8 [1 + A; 2 (1 - /3 2 )] 3/2 2tt 

hm , I ,^^ + ^(1-^) + /? A t (l + ^)(1-^) 



M-W Vl + P (1 - (3 2 ) 2 [1 + P (1 - /3 2 )] 8 [1 + k 2 (1 - /3 2 )] 3/2 

+ *U k JT+&). (A21) 

Hence, T^/T is 

rSf } /3 A, (1 + A: 2 ) (1 - /3 2 ) AViTP(1-/3 2 ) + /3 



2^/1 + ^(1-^2) + 4 [x + fc2 (1 _ ^3/2 2 [1 + fc2 (1 - (5 2 )] 

(A22) 



4( v / TTF+fc/3) 

Finally, for a top quark in the forward region, i.e. k ^ or y t ^ 0, the fraction of leptons in 
the forward region is 

1 ! , I I + (A23) 

r 2 2^1 + /c 2 - P/3 2 4(l + P-£; 2 /3 2 ) 3/2 

For a top quark in the backward region the result is 1 — Rp (choosing the opposite k). 

We may use k 2 = tan 2 Q t = — 1 + (3 2 coth 2 y t to make the connection to the top quark 
rapidity more apparent: 

' 1 1 A t cothV 



yt>Q, 



2 2 (1 + 7 - 2 cothV) 1/2 4/3 7 2 (1 + 7" 2 cothV) 3/2 
1 1 VothV (A24) 

y* < o. 



k 2 2 (1 + 7 ^ 2 coth 2 y i ) 1/2 4/3 7 2 (l + 7 - 2 coth 2 y t ) 3/2 

One could also choose px (the transverse momentum of the top-quark) and yt as the inde- 
pendent kinematic variables. Using the kinematic relations 



k = -Jg^f, P = Jl- ^+sed^ 1 (A25) 
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one can rewrite the Rf as: 



R X f (pr, yt) 



1 1 

2 + 2 
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1 + 
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y t <o. 



4. Critical Behavior of Rp 



A few interesting features of the ratio Rf are worthy of note. For left-handed top quarks, 
when pt is not large, peak structure is present in Rp {pTiVt), and there is more than one 
value of y t which satisfies the equation Rp (/3,y t ) = 0.5. 

In principle, a peak position can be obtained by solving the equation 



dy t 



0. 



(A26) 



The derivative is not amenable to an analytic solution, but we can still determine the critical 
value of p T . When p T > p T , there is no peak structure in Rp (pT,yt)- When pt < p T , 
Rf (PTi Vt) shows peak structure for left-handed top quarks. Solving 

dR^(p T ,y t ) 



dyt 



0. 



(A27) 



yt=o 



to obtain p T , we find 



m t + (Pt) 2 ~ 2 PT"J m t + (Pr) 



0. 



(A28) 



Am t p T 

The only physical solution is p T = m t /\/3 ~ lOOGeV. 

For left-handed top quarks, there are values of the boost for which the equation 
Rp yt) = 0.5 has more than one solution. In this interval of /3, Rp yt) is not far from 
0.5 and is nearly constant. The solution of Rp y t ) = 0.5 is coth 2 y t = — 7 2 ^1 + || 
Because k 2 = — 1 + /3 2 coth 2 y f should be greater than 0, we require coth 2 y t ^ 1//3 2 . In the re- 
1, — j we find that R F l (/3, y t ) is nearly constant for left-handed top quartks. 



gion (3 e (^/2 
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The corresponding values of the energy of the top quark are E t G (191.5GeV, 201.3GeV). 
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